An effective numerical algorithm is developed to simulate extension of the interlaminar delamination in a laminated composite based on the three dimension al finite element method.
Introduction
Laminated fiber-reinforced composite materials have been used in aircraft and space vehicles, where high strength-to-weight and stiffness-to-weight ratios are required. As the composite materials are damaged due to impact, the compressive strength of composite materials is reduced remarkably. This phenomenon is a problem in laminated composites, and called Compression After Impact (CAI) .
Since an aircraft collides with birds or volcanic ash in the course of flight, a critical problem may arise in the practical application of composite materials. In fact, the ever-increasing use of composite materials in technological areas, where both precision and reliability play important roles, has required a better understanding of the behavior of the composite materials in a severe structural environment. Impact-induced delamination is one of frequent damage modes in laminated composites.
It is necessary to study the damage of laminated fiber composite material after impact. Along with the explosive development of computational devices, it has become possible to simulate interior delamination by numerical methods.
ship between the level of impact and the extent of delamination.
Many researchers, for example, Joshi and Sun', Mukherjee et al.2, Liu and Chang 3, Collombet et al. 4 have studied the damage of composites after the impact loading.
Wang and Khanh' report the impact tests to predict the delamination size for dynamic fracture.
Lu and Liu 6 develop a 3-D finite element program to calculate the strain energy release rates at the delamination front and they suggest the mode II of fracture is the most important damage mode for central delamination.
Studies of the finite element method have been reported to be used to simulate the damaged composites on computers.
Robbins and Reddy" report a useful finite element method for thick composites using a layerwise laminated theory.
In order to analyze free edge stresses and delamination of composite laminates using a three-dimensional finite element, the preconditioned conjugate gradient method is used by Yang and He' to solve the large system of linear equations.
In this paper, an effective numerical method is presented to simulate extension of the interfacial delamination in a laminated composite based on the three dimensional finite element method.
An iterative algorithm and duplicate nodes assigned at the interface are used to represent the newly extended delamination.
As use of the conjugate gradient or ICCG method to solve a system of linear equations minimizes occupation of memory space in computation, we attempt to make the matrix symmetric in the linear equations for contact problem on the delaminated interface of the composite. The extension of interlaminar delamination is simulated in a cross-play laminated composite with four layers. This composite is subjected to a point load on the center. In the numerical calculation, a cross-ply laminated composite of carbon/epoxy with four layers is treated.
Extension of delamination and distribution of deflection in the composite are shown.
2.
Statement of the Problem A model of laminated composite materials is established in order to simulate its behavior of delamination under out-of-plane loading. We attempt to predict the delaminated area using a numerical method. Cartesian coordinate system (x 1, x 2, x 3) is supposed and a laminated composite plate is placed in the x x2 plane as shown in Fig. 1 (a) . The plate consists of n layers with different directions of fibers, each layer being a unidirectional fiber-reinforced composite. The lengths of xi and x2 directions are 2L , and 2L 2, respectively, and the height of the plate is H. Here, the thickness of a layer is h (=H/n) . The fiber angle of the i-th layer is 0 i against the x axis. The layers of the plate are (a) Geometry of a laminated composite (b) Cross section at x2 = 0 Fig. 1 Geometry of a laminated fiber.reinforced composite subjected to a concentrated load p.
Yotsugi SHIBUYA, Li Zhen SUN and Tadashi OHYOSHl built up with different direction of fiber for each layer, and interlaminar delamination is considered at the interface of the layers due to loading as shown in Fig. 1 (b) .
For the composite, the relation between strain and displacement is written as:
( (8) where superscripts i and (i + 1) indicate i-th and (i + 1)-th layers at the interface, respectively. The boundary conditions on the surface of the delamination cracks are given as : 
The applied loading p (xi, x2, x3) is exerted on the center of the upper surface of the plate. Here, Consider the upper and lower layers of the interface in the composite as shown in Fig. 3 (a) . Where ph and q h are the nodal points of the upper and lower layers at the interface.
For bonding layers together, the duplicate nodes with the numbers pk and qk are made to represent separable interface as shown in Fig. 3 (b) . When the delaminated region extends up to the point pk, qk as shown in Fig. 3 (c) , points pk-1 and qk-1,... will be slidden due to delamination.
The delamination at the interface is forced to proceed by separating the duplicate node at the front of delaminated region pk and qk in the Fig. 3 (c) .
2 Numerical
Procedure on the Interface
For the interface between layers, boundary conditions are given in Eqs. (8) and (9) . The boundary conditions can be rewritten using nodal forces and displacements for finite element analysis at the interface between thei-th and (i + 1) -th layers at the nodal points ph and q h. 
where [ K ]represents the total stiffness matrix, and { u } and { f } represent nodal displacement and nodal force vectors, respectively.
The total stiffness matrix is usually symmetrical. If boundary conditions (12) and (13) corresponding to a contact problem are imposed into Eq. (14) symmetrically, the storage space for the coefficient matrix will be reduced to half of the whole coefficient matrix and the conjugate gradient method is applied to solve the linear equations easily. This makes occupation of memory space in the computation minimum.
In this study, a technique of computation is developed in order to create symmetric matrix of coefficients which satisfies boundary conditions uij (pk) = uij + 1 (qk) and f (Pk) = -fij+ 1 (qk) in the Eq. (12). For the symmetric total stiffness matrix in Fig. 4 , coefficients of n 1 -th and n 2 -th columns correspond to the nodal displacements u (pk) and uij+1 (qk), and coefficients of n i -th and n 2 -th rows correspond to the nodal forces f; (pk) and fij+1 (qk), respectively.
The procedure to impose the boundary conditions into the matrix [ K] is summarized as follows:
(1) From u (pk) = uij+1 (qk), the n 2 -th column is added to n 1-th column and n 2 -th column is set to zero as : 
(2) For fij (pk) = -f + 1 (qk) , the n 2 -th row is added to n 1 -th row and n 2 -th row is set to zero, and the matrix [ K] is (16) (3) For uij (pk) = uij+1 (qk), the n 1-th and n 2 -th components of the n 2 -th row is set toand 1, respectively, as follows :
(17) (4) In order to make the matrix symmetric, the n 1 -th and n2 -th components of the n 1 -th row are added to 1 and -1, respectively, as follows :
This technique is not only for keeping the symmetry of the original matrix [ K ], but also for satisfying the boundary conditions at the interface. (21) where A is the area of newly extended delamination due to separation of a duplicate node. The area varies with geometry of delamination. For example, A is for separation at point p 1, 3s at p 2 and 2s at point p 3 as shown in Fig. 5 , respectively. Here, s is the area of a square region of an element. The simulation for extension of delamination is made iteratively by determining the separated node from Eq. (21). The pattern of the delamination is similar to rectangular shape or ellipse shape. The behavior of the delamination tends to extend more in the x i direction, which corresponds to the fiber direction of the third layer.
Similar to Fig. 6 , pattern of the delamination at the interface between the third and fourth layers,
i.e., lower interface of the composite, is shown in Fig. 7 . The principal direction of the extension of the delamination is the x2 direction which corresponds to the fiber direction of the fourth layer. As a tendency from Fig. 6 and Fig. 7 , the direction of the extension depends on the fiber direction of the lower layer at the interface. A large area of the delamination takes place at the central interface of the composite and the area of the delamination at the lower interface is small. Moreover, for the upper interface, i.e., the interface between the first and second layers, the extension of the delamination does not take place in the range of this simulation. The occupation of memory to save coefficients of linear equations in the actual calculation is 457,488 words for the conjugate gradient method. The storage size is about 0.7% of that needed for full matrix.
Conclusions
Extension of interlaminar delamination in the laminated composite is studied in this paper. An effective numerical algorithm is developed on the basis of three dimensional finite element method. Boundary conditions at the interface for delamination, which correspond to a contact problem, are imposed into coefficient matrix of linear equations symmetrically, and the conjugate gradient method is applied to solve the linear equations easily. This contributes to minimize occupation of memory space in computation. The extensions of the interlaminar delamination for delamination is discussed.
It suggests in the simulation that direction of major extension of the delamination corresponds to the fiber direction of lower layer at the interface. 
